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SOME GENERALIZATIONS ON AFFINE INVARIANT
POINTS
NATALIA JONARD-PE´REZ
Abstract. In this note we prove a more general (and topological) ver-
sion of Gru¨nbaum’s conjecture about affine invariant points. As an
application of our result we show that, if we consider the action of the
group of similarities, Gru¨nbaum’s conjecture remains valid in other fam-
ilies of convex sets (not necessarily convex bodies).
1. Introduction
By a convex bodyK ⊂ Rn we mean a compact convex subset of Rn with a
non empty interior. The set of all convex bodies of Rn is denoted by Kn0 . We
denote by Aff(n) the group of all non-singular affine maps of Rn. Namely,
g ∈ Aff(n) if and only if there exists an invertible linear map σ : Rn → Rn,
and a vector v ∈ Rn such that
g(x) = v + σ(x), for every x ∈ Rn.
If we equip Kn0 with the Hausdorff metric, the natural action of Aff(n) on
R
n induces a continuous action of Aff(n) on Kn0 by the formula
(g,K) 7−→ gK, gK = {g(x) | x ∈ K}
(see [6] for more details about this action).
In his seminal paper [12], B. Gru¨nbaum introduced the notion of an affine
invariant point. Namely, an affine invariant point is a continuous function
p : Kn0 → R
n satisfying
gp(K) = pg(K), for every g ∈ Aff(n), and K ∈ Kn0 .
The centroid, the center of John’s ellipsoid or the center of Lo¨wner’s
ellipsoid are examples of affine invariant points (see e.g. [12, 3.3 and 3.4]).
We denote by Pn the set of all affine invariant points of K
n
0 . For every
K ∈ Kn0 , let Pn(K) be the set of all x ∈ R
n such that x = p(K) for some
p ∈ Pn, and consider the set
Fn(K) = {x ∈ R
n | gx = x for every g ∈ Aff(n) such that gK = K}.
For a convex body K ∈ Kn0 , it is not difficult to see that Pn(K) ⊂ Fn(K).
In [12], Gru¨nbaum conjectured that Pn(K) = Fn(K), and in the following
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50 years several partial results were obtained (see, e.g., [16, 17, 19]). The
first complete proof of this problem was obtained by O. Mordhorst in [20].
In [14], I. Iurchenko gave an alternative proof and in [15] the author gave a
shorter proof of this theorem based merely on the topology of the action of
Aff(n) on Kn0 .
In the language of topological transformation groups, an affine invariant
point is simply an Aff(n)-equivariant continuous function from Kn0 into R
n
(see Section 2). On the other hand, if we denote by Aff(n)K the stabilizer
of K, then the set Fn(K) coincides with the set of all Aff(n)K -fixed points
of Rn. Namely, a point x ∈ Rn belongs to Fn(K) if and only if Aff(n)K ≤
Aff(n)x (Aff(n)x being the stabilizer of x). If we translate Gru¨nbaum’s
situation to the language of topological transformation groups, we obtain the
following scenario: given a convex bodyK ∈ Kn0 and x ∈ R
n with Aff(n)K ≤
Aff(n)x, Gru¨nbaum’s conjecture states that there exists a continuous and
Aff(n)-equivariant function p : Kn0 → R
n such that p(K) = x.
The problem of finding an equivariant map between G-spaces is not an
easy one. Some classical results such as the Borsuk-Ulam theorem need a
very strong baggage of algebraic topology in order to be proved.
In this note we use some classical results from the theory of topologi-
cal transformation groups ([23]) in order to prove the following topological
generalization of Gru¨nbaum’s conjecture.
Theorem 1.1. Let G be a Lie group. Assume that X is a proper G-space
and Y a G-equiconnected G-space such that the set of all G-equivariant maps
from X to Y is nonempty. If x ∈ X and y ∈ Y satisfy Gy ≤ Gx, then there
exists a G-equivariant map ψ : X → Y such that ψ(x) = y.
As usual, the word map means continuous function. Since the action of
the group Aff(n) on Kn0 is proper (see [6, Theorem 3.3]) and R
n is Aff(n)-
equiconnected (see Section 2.2), Theorem 1.1 directly implies Gru¨nbaum’s
conjecture.
Definitions such as proper action or G-equiconnected space is explained
in Section 2. In Section 4 we show how Theorem 1.1 can be used to obtain
several Gru¨nbaum-like results involving different families of compact con-
vex subsets of Rn and different subgroups of affine transformations (Theo-
rems 4.3, 4.6 and 4.8).
2. Preliminaries
All basic terminology about topological spaces can be consulted in [11].
In order to make our proofs more comprehensive, let us recall some basic
notions about the theory ofG-spaces. We refer the reader to the monographs
[8] and [22] for a deeper understanding of this theory.
If G is a topological group andX is a G-space (namely, a topological space
equipped with a continuous action of the group G), for any x ∈ X we denote
by Gx the stabilizer or isotropy group of x, i.e., Gx = {g ∈ G | gx = x}.
For a subset S ⊂ X, the symbol G(S) denotes the G-saturation of S, i.e.,
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G(S) = {gs | g ∈ G, s ∈ S}. If G(S) = S then we say that S is a G-invariant
set (or, simply, invariant set). In particular, G(x) denotes the G-orbit of
x, i.e., G(x) = {gx ∈ X | g ∈ G}. The set consisting of all orbits of X
equipped with the quotient topology is denoted by X/G and is called the
orbit space. The quotient map π : X → X/G is called the orbit map and it
is always open.
For each subgroup H ⊂ G, the H-fixed point set (X)H is the set {x ∈
X | H ≤ Gx}. Clearly, (X)
H is a closed subset of X. Observe that in
Gru¨nbaum’s conjecture, the set Fn(K) coincides with the Aff(n)K- fixed
point set (Rn)Aff(n)K .
A map f : X → Y between two G-spaces is called equivariant or a G-
map if f(gx) = gf(x) for every x ∈ X and g ∈ G. On the other hand, if
f(gx) = f(x) for every x ∈ X, we call f an invariant (or G-invariant). The
reader may notice that an affine invariant point is just an Aff(n)-equivariant
map. In order to avoid any confusion, from now on we use exclusively the
terminology stated in this section.
Given G-spaces X and Y , we denote by CG(X,Y ) the set of all G-
equivariant maps. Notice that CG(X,Y ) may be an empty set. On the
other hand, the set Pn coincides precisely with the set CG(X,Y ) where
G = Aff(n), X = Kn0 and Y = R
n.
The following folklore is used in the proof of our main result.
Lemma 2.1. Let X be a G-space, x ∈ X an arbitrary point and V ⊂ X a
G-invariant neighborhood of the orbit G(x).
(1) If X/G is regular then we can find an invariant neighborhood U of
G(x) such that
G(x) ⊂ U ⊂ U ⊂ V.
(2) If X/G is Tychonoff then we can find an invariant map λ : X → [0, 1]
such that λ(y) = 1 and λ(z) = 0 for every y ∈ G(x) and z ∈ X \ V .
The proof of Lemma 2.1 can be consulted in [15, Lemma 2.2].
2.1. Cartan and Proper G-spaces. If a non compact group acts contin-
uously on a topological space, many pathologies may occur. This is why we
focus our attention in a specific kind of actions called proper actions.
Definition 2.2. Let G be a locally compact Hausdorff group and let X be
a Tychonoff G-space.
(1) X is a Cartan G-space if every point x ∈ X has a neighborhood V
with the property that {g ∈ G : gV ∩ V 6= ∅} has compact closure
in G. A set V satisfying this property is called a thin set.
(2) X is a proper G-space (in the sense of Palais [23]) if it has an open
cover consisting of, so called, small sets. A set S ⊂ X is called
small if any point x ∈ X has a neighborhood V such that the set
〈S, V 〉 = {g ∈ G | gS ∩ V 6= ∅} has compact closure in G.
4 NATALIA JONARD-PE´REZ
The following result shows the relation between Cartan and proper G-
spaces.
Proposition 2.3. ([23, Corollary 1, p. 303]) Let G be a locally compact
Hausdorff group and let X be a Tychonoff G-space. Then X is a proper
G-space if and only if X is a Cartan G-space and the orbit space X/G is
regular. In particular, every proper G-space is Cartan.
In the following theorem we summarize some useful properties about Car-
tan spaces. The proof of these and other related results can be consulted in
[23]
Theorem 2.4. Let X be a Tychonoff space. If X is a Cartan G-space then
the following conditions hold:
(1) For every x ∈ X the map g 7→ gx is an open map of G onto G(x).
(2) For every x ∈ X, the orbit G(x) is closed, the stabilizer Gx is com-
pact and G(x) is G-homeomorphic to G/Gx.
(3) If additionally X is a proper G-space, then the orbit space X/G is
Tychonoff.
Another important result about Cartan G-spaces, is the following.
Theorem 2.5. [23, Corollary 1, p. 313] Let G be a Lie group, and X a Car-
tan G-space. Every orbit G(x) of X is an equivariant retract of an invariant
neighborhood of G(x). Namely, for every x ∈ X there exists an invariant
neighborhood U of G(x) and r : U → G(x) a G-equivariant retraction.
Recall that a subset A of a topological space X is called a retract of X if
there is a continuous map r : X → A such that r(a) = a for every a ∈ A. In
this case the map r is called a retraction.
Given two G-spaces X and Y , and a pair (x, y) ∈ X × Y , the function
f : G(x)→ G(y) given by f(gx) = gy is well-defined if and only if Gx ≤ Gy.
However, even if f is well-defined, the function f is not always continuous.
This is why we are interested in the following easy lemma. We include its
proof for the sake of completeness.
Lemma 2.6. Let G be a topological group and X and Y G-spaces. Assume
that x ∈ X and y ∈ Y satisfy that Gx ≤ Gy. If the map θx : G→ G(x) given
by θx(g) = gx is open, then the map f : G(x)→ G(y) given by f(gx) = gy is
continuous. In particular, if X is a Cartan G-space (or a proper G-space),
then f is continuous.
Proof. Since the action of G on Y is continuous, for any g ∈ G and any open
neighborhood U of gy in Y , we can find an open neighborhood V of g in G,
such that
V y := {hy ∈ Y : h ∈ V } ⊂ U.
By hypothesis, the set V x := {hx ∈ X : h ∈ V } is open in the orbit G(x)
and contains the point gx. Thus f(V x) = V y ⊂ U and therefore f is
continuous in the point gx.
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For the last part of the lemma, we simply use the fact that the map θx is
always open in the category of Cartan G-spaces (Theorem 2.4). 
2.2. G-equiconnected spaces. A G-equiconnected space is the equivari-
ant version of the well-known notion of an equiconnected space (see e.g.
[13]).
Definition 2.7. A topological G-space X is G-equiconnected if there exists
a map h : X ×X × [0, 1] → X satisfying the following conditions
(1) h(x, y, 0) = x and h(x, y, 1) = y for every (x, y) ∈ X ×X.
(2) h(x, x, t) = x for every x ∈ X and t ∈ [0, 1].
(3) h(gx, gy, t) = gh(x, y, t) for each g ∈ G, (x, y) ∈ X×X and t ∈ [0, 1].
In this case we say that the map h has the G-equivariant connecting property
(or, simply, h has the G-connecting property).
A very simple example of a G-equiconnected space is the euclidean space
R
n equipped with the natural action of any subgroup of affine transforma-
tions G ≤ Aff(n). Observe that in this case the map h : Rn×Rn×[0, 1] → Rn
given by
(2.1) h(x, y, t) = (1− t)x+ ty
has the G-equivariant connecting property. A more general example is any
G-invariant convex subset of a topological vector G-space, whereG is a group
of affine transformations. In this case the equiconnected map is defined as
in formula (2.1).
The Minkowski sum also defines a G-equiconnected structure in the space
of all compact convex subsets of Rn (see Remark 2.8 below). Another ex-
ample of a G-equiconnected space is any G-space admitting a G-convex
structure (see [4]).
2.3. Families of compact convex subsets of Rn. For a fixed n ∈ N, we
denote by Kn the family of all compact convex subsets of Rn. We equip Kn
with the well-known Hausdorff distance defined by the formula
dH(A,B) = max
{
sup
b∈B
d(b,A), sup
a∈A
d(a,B)
}
,
where d is the standard euclidean metric on Rn. The symbol ‖ · ‖ is always
used to denote the euclidean norm in Rn.
For any x ∈ Rn, K ∈ Kn and ε > 0 we use the following notations:
B(x, ε) := {y ∈ Rn | d(y, x) < ε},
N(K, ε) := {y ∈ Rn | d(y,K) < ε}.
We recall that dH(A,B) < ε if and only if A ⊂ N(B, ε) and B ⊂ N(A, ε).
In section 4, we are interested in the following families of convex sets
Knj− := {K ∈ K
n | dim(K) ≤ j}
Knj+ := {K ∈ K
n | dim(K) ≥ j}
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where j ∈ {0, . . . , n} and dim(K) denotes the dimension of K, namely,
the dimension of the smallest affine subspace of Rn containing K. Observe
that with respect to the previous notation, we have that Kn0 = K
n
n+
and
Kn = Kn0+ = K
n
n−
.
On the other hand, the family Kn1+ is precisely the family of all non
degenerated compact convex subsets of Rn. Some topological and dynamical
properties of Kn1+ were studied in [10]. In particular, it was proved in that
the orbit space Kn1+/S(n) is a compact metric space homeomorphic to the
Banach-Mazur compactum BM(n), where S(n) stands for the group of all
similarities of Rn (see [10, Corollary 4.7]).
The following remark will be used later.
Remark 2.8. For any subgroup G ≤ Aff(n) and any 0 ≤ j ≤ n, the space
Kn
j+
is G-equiconnected. The G-connecting map h : Kn
j+
×Kn
j+
×[0, 1] → Kn
j+
is the one defined by means of the Minkowski sum,
h(A,B, t) = (1− t)A+ tB, A,B ∈ Knj+, t ∈ [0, 1].
Since dim ((1− t)A+ tB) ≥ min{dim(A),dim(B)} ≥ j, the map h is
well-defined.
3. Main results
Theorem 3.1. Let X and Y be G-spaces. Assume that {x1, . . . , xn} ⊂
X and {y1, . . . , yn} ⊂ Y are finite sets of points satisfying, for each i ∈
{1, . . . , n}, the following conditions
(A) The map θxi : G→ G(xi), given by θxi(g) = gxi, is open.
(B) There exists an invariant open neighborhood Ui ⊂ X of G(xi) and a
G-equivariant retraction ri : Ui → G(xi).
(C) Gxi ≤ Gyi .
(D) G(xi) ∩G(xj) = ∅ whenever i 6= j.
Then, if Y is G-equiconnected, X/G is Tychonoff and CG(X,Y ) is nonempty,
there exists a continuous G-equivariant map ψ ∈ CG(X,Y ) such that ψ(xi) =
yi for every i ∈ {1, . . . , n}.
Proof. Since X/G is Tychonoff and the orbits {G(x1), . . . , G(xn)} are dis-
joint, there existW1, . . . ,Wn ⊂ X disjoint invariant open sets of X such that
G(xi) ⊂ Wi, i = 1, . . . , n. Let U1, . . . , Un and r1, . . . , rn be the neighbor-
hoods and the maps of condition (B). For every i ∈ {1, . . . , n} define the set
Oi = Ui ∩Wi. Clearly each Oi is an open invariant neighborhood of G(xi)
and the restriction qi := ri|Oi : Oi → G(xi) is a G-equivariant retraction.
By Lemma 2.6, for every i ∈ {1, . . . , n}, the map fi : G(xi) → G(yi)
given by fi(gxi) = gyi is continuous and G-equivariant. Then the map
f˜i : Oi → G(yi) defined by f˜i = fi ◦ qi is continuous and G-equivariant too.
Since Oi ∩Oj = ∅ if i 6= j, the map f :
n⋃
i=1
Oi → Y given by
f(z) = f˜i(z), if z ∈ Oi
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is well-defined, continuous and G-equivariant.
Using again the fact that X/G is a Tychonoff space, we can find open
invariant neighborhoods Vi ⊂ X and continuous invariant maps λi : X →
[0, 1] such that
a) G(xi) ⊂ Vi ⊂ Vi ⊂ Oi,
b) λi(G(xi)) = {1},
c) λi(X \ Vi) = {0},
for every i ∈ {1, . . . , n} (see Lemma 2.1). Define λ : X → [0, 1] by λ(z) =
n∑
i=1
λi(z), for every z ∈ X. Clearly λ is continuous and invariant. Further,
since all neighborhoods V1, . . . , Vn are disjoint, the map λ also satisfies that
d) λ(z) ∈ [0, 1] for every z ∈ X.
e) λ(G(xi)) = λi(G(xi)) = {1} for each i ∈ {1, . . . , n}.
f) λ(z) = 0 if z ∈ X \
n⋃
i=1
Vi.
Now, since the set of G-maps is nonempty, we can pick an equivariant
map ϕ ∈ CG(X,Y ). Furthermore, since Y is G-equiconnected, there exists
a G-connecting map h : Y × Y × [0, 1] → Y . To finish the proof, define the
map ψ : X → Y by the formula
ψ(z) =


ϕ(z), if z ∈ X \
n⋃
i=1
V i,
h(ϕ(z), f(z), λ(z)) if x ∈
n⋃
i=1
Oi.
Observe that if z ∈
(
X \
n⋃
i=1
V i
)
∩
(
n⋃
i=1
Oi
)
, then λ(z) = 0 and therefore
h(ϕ(z), f(z), λ(z)) = ϕ(z). This proves that ψ is well-defined and continu-
ous.
To see that ψ is G-equivariant, first observe that X \
⋃n
i=1 V i and
⋃n
i=1Oi
are invariant sets. Thus, for every g ∈ G, if z ∈ X \
⋃n
i=1 V i then gz ∈
X \
⋃n
i=1 V i. In this case
ψ(gz) = ϕ(gz) = gϕ(z) = gψ(z).
On the other hand, if z ∈
⋃n
i=1Oi, then gz ∈
⋃n
i=1Oi and therefore
ψ(gz) = h(ϕ(gz), f(gz), λ(gz))
= h(gϕ(z), gf(z), λ(z))
= gh(ϕ(z), f(z), λ(z)) = gψ(z).
This equality completes the proof.

After the previous theorem, the following definition arises naturally.
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Definition 3.2. Let X and Y be G-spaces. We say that the pair (X,Y )
has the G-finite extension property if for all finite sets {x1, . . . , xn} ⊂ X and
{y1, . . . , yn} ⊂ Y satisfying
(1) Gxi ≤ Gyi , for every i ∈ {1, . . . , n},
(2) G(xi) ∩G(xj) = ∅ if i 6= j,
there exists a G-map ψ : X → Y such that ψ(xi) = yi for every i ∈
{1, . . . , n}.
The reader may compare this definition with the definition of a G-absolute
extensor (see Section 5).
In [20, Corollary 4.1], O. Mordhorst proved that the pair (Kn0 ,R
n) has
the Aff(n)-finite extension property, generalizing in this way Gru¨nbaum’s
conjecture.
If G is a Lie group and X is a proper G-space, conditions (A) and (B) of
Theorem 3.1 are guaranteed (see Theorems 2.4 and 2.5). Furthermore, in
this case the orbit space X/G is always Tychonoff (Theorem 2.4). All this
allows us to conclude the following
Corollary 3.3. Let G be a Lie group acting properly on X. Suppose that Y
is a G-equiconnected space such that CG(X,Y ) is nonempty. Then the pair
(X,Y ) has the G-finite extension property.
Now, the proof of Theorem 1.1 is a direct consequence of Corollary 3.3.
Remark 3.4. Given two G-spaces X and Y , condition CG(X,Y ) can be
guaranteed in certain cases. For example, if Y has a G-fixed point, namely,
a point y0 ∈ Y such that gy0 = y0 for every g ∈ G, then the constant map
ϕ : X → Y given by ϕ(x) = y belongs to CG(X,Y ).
On the other hand, a necessary condition in order that CG(X,Y ) be non
empty, is that for every x ∈ X there exists a point y ∈ Y such that Gx ≤ Gy.
4. Examples and Applications
Our main purpose is to generalize Gru¨nbaum’s conjecture to different
families of convex subsets of Rn.
Example 4.1. We consider the space Kn1− equipped with the action of the
group Aff(n). Namely, Kn1− is the space of all segments of R
n. Observe
that the action of the affine group Aff(n) on Kn1− is not proper (indeed,
the isotropy group of the singleton {0} is the general linear group which
is not compact, therefore the action cannot be proper). Furthermore, the
orbit space Kn1−/Aff(n) is not even a T1-space. In fact, K
n
1−/Aff(n) is
homeomorphic to the Sierpin´ski space Z. Recall that the Sierpin´ski space
(also named the connected two-point set) is the topological space (Z, τ) where
Z = {0, 1} and the topology τ is given by τ = {Z, ∅, {0}}. In this case the
homeomorphism η : Z → Kn1−/Aff(n) sends the point 0 to the orbit made of
all non degenerated segments, and the point 1 to the orbit of all singletons.
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However, for every nontrivial segment [a, b] ∈ Kn1− and every point y ∈ R
n
such that the Aff(n)-stabilizer of [a, b] is contained in the Aff(n)-stabilizer of
y, there exists a Aff(n)-equivariant map ψ : Kn1− → R
n such that ψ([a, b]) =
y. Furthermore, the map ψ is the only Aff(n)-equivariant map from Kn1− to
R
n.
Proof. First observe that the point y is the middle point of [a, b]. Indeed,
if we denote by F the set of points of Rn which are fixed by any affine
transformation fixing the segment [a, b] (namely, F = (Rn)G, where G =
Aff(n)[a,b]), then y ∈ F . Let us denote by m the middle point of [a, b] and
let Π be the hyperplane of Rn orthogonal to [a, b] that passes through m.
If ρ : Rn → Rn is the reflection on Π, then ρ belongs to the stabilizer of
[a, b]. Therefore F ⊂ Π. On the other hand, if ℓ is the line defined by [a, b],
and σ is any rotation around ℓ, then σ belongs to the stabilizer of [a, b] and
therefore F ⊂ ℓ. Observe that ℓ intersects Π in m. Thus
y ∈ F ⊂ Π ∩ ℓ = {m},
as desired.
To complete the proof, simply define ψ : Kn1− → R
n as follows
ψ([c, d]) =
1
2
(c+ d).
Clearly ψ is a well-defined Aff(n)-equivariant map. Since y = m = 12 (a+ b),
the map ψ is the desired one, and it is the only Aff(n)-equivariant map from
Kn1− to R
n.

In the following example we will show that the condition of the action to
be proper is essential.
Example 4.2. Let T be the triangle in R2 with vertices (0, 0), (1, 0) and
(0, 1), and let b ∈ R2 be its centroid, namely b = (1/3, 1/3). Since the
centroid map is an Aff(n)-equivariant map from Kn0 into R
n (see, e.g. [21]),
it follows that the Aff(2)-stabilizer of T is contained in the Aff(2)-stabilizer
of b. However, there is no Aff(2)-equivariant map ψ : K2 → Rn such that
ψ(T ) = b. Indeed, if such a map exists, then by the previous example ψ(I) =
(0, 1/2), where I = {0} × [0, 1]. On the other hand, the sequence (Tn)n∈N
converges to I, where Tn is the triangle with vertices {(0, 0), (1/n, 0), (0, 1)}.
Since Tn lies in the orbit of T and ψ is equivariant, then ψ(Tn) is the centroid
of Tn, namely ψ(Tn) =
(
1
3n ,
1
3
)
. By continuity of ψ we have that
(0, 1/2) = ψ(I) = lim
n→∞
ψ(Tn) = lim
n→∞
(
1
3n
,
1
3
)
= (0, 1/3),
a contradiction.
In the previous example, the action of the group Aff(2) on K2 is not
proper. On the other hand, the action of the group S(n) (the group of all
similarities of Rn) on Kn is not proper either. However, in this case it is
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interesting to notice that CS(n)(K
n,Rn) is not empty and it contains some
important selectors such as the Steiner point or the Chebyshev point (see,
e.g. [21, Chapter 12]).
In [9] it was proved that for any connected and locally compact metric
space X, the group of all isometries of X acts properly on X. From this
important theorem we can conclude that the action of the Euclidean group
E(n) (i.e., the group of all isometries of Rn with respect to the euclidean
norm) acts properly on Kn.
Finally, observe that every S(n)-equivariant map ϕ : Kn → Rn is E(n)-
equivariant and therefore CE(n)(K
n,Rn) is nonempty. All these observations
in combination with Corollary 3.3 yield the following Gru¨nbaum-like theo-
rem.
Theorem 4.3. The pair (Kn,Rn) has the E(n)-finite extension property.
The identity map 1Kn
0
: Kn0 → K
n
0 is an Aff(n)-equivariant map, therefore
CAff(n)(K
n
0 ,K
n
0 ) is non empty. Since the action of Aff(n) on K
n
0 is proper,
we can apply Corollary 3.3 to infer the following theorem.
Theorem 4.4. The pair (Kn0 ,K
n
0 ) has the Aff(n)-finite extension property.
Before our last results we recall that for every similarity g ∈ S(n) there
exist unique u ∈ Rn, λ > 0 and σ ∈ O(n) such that g(x) = u + λσ(x)
for every x ∈ Rn (where O(n) denotes the orthogonal group). Thus, as a
topological space, S(n) is homeomorphic to the topological product
R
n × (0,∞) ×O(n) ∼= S(n).
This will be used in the the following lemma.
Lemma 4.5. For every i ∈ {1, . . . , n} the action of the group S(n) on Kn
i+
is proper.
Proof. First, observe that Kn
i+
is an S(n)-invariant subspace of Kn1+ . Then,
in order to prove that Kn
i+
is proper it is enough to prove that the action of
S(n) on Kn1+ is proper.
By [10, Corollary 4.7] the orbit space Kn1+/S(n) is homeomorphic to a
Banach-Mazur compactum, and therefore it is metrizable. In particular,
Kn1+/S(n) is regular. Thus, according to Proposition 2.3 it suffices to prove
that Kn1+ is a Cartan S(n)-space.
We consider an arbitrary element A ∈ Kn1+ . Since dim(A) ≥ 1, we infer
that m := diam(A) > 0, where
diam(A) = max{‖a− a′‖ : a, a′ ∈ A}.
Let δ > 0 be such that m− 2δ > 0 and consider
O := {B ∈ Kn1+ | dH(B,A) < δ},
the δ-ball around A with respect to the Hausdorff metric. We claim that O
is a thin neighborhood of A. In order to see this, first observe that if B ∈ O,
there exist b1, b2 ∈ B such that ‖b1 − b2‖ = diam(B). Since dH(B,A) < δ
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we can pick points a1, a2 ∈ A with the property that ‖aj − bj‖ < δ (with
j = 1, 2). Thus,
diam(B) = ‖b1 − b2‖ ≤ ‖b1 − a1‖+ ‖a1 − a2‖+ ‖a2 − b2‖ < diam(A) + 2δ.
Analogously we can prove that diam(A) < diam(B) + 2δ and therefore we
get that
(4.1) m− 2δ = diam(A)− 2δ < diam(B) < diam(A) + 2δ = m+ 2δ.
Now, our goal is to prove that the set Γ := {g ∈ S(n) | gO ∩ O 6= ∅} has
compact closure in S(n). LetM > 0 be such that for every C ∈ O and every
x ∈ C,
(4.2) ‖x‖ ≤M.
Take g ∈ Γ and let B ∈ O be such that gB ∈ O. We assume that
g(x) = u + λσ(x) for certain u ∈ Rn, λ > 0 and σ ∈ O(n), and we identify
g with the triplet (u, λ, σ) ∈ Rn × (0,∞) ×O(n).
Observe that diam(gB) = λdiam(B) and since gB ∈ O we can use in-
equality (4.1) to conclude that
m− 2δ < λdiam(B) < m+ 2δ.
Since B ∈ O too, we can use inequality (4.1) again to infer that
m− 2δ
m+ 2δ
< λ <
m+ 2δ
m− 2δ
.
Thus, λ lies in the compact segment I :=
[
m−2δ
m+2δ ,
m+2δ
m−2δ
]
.
On the other hand, for every b ∈ B we get thatM ≥ ‖b‖ andM ≥ ‖g(b)‖.
Then
M ≥ ‖g(b)‖ = ‖u+ λσ(x)‖
≥ ‖u‖ − ‖λσ(b)‖ = ‖u‖ − λ‖σ(b)‖.
From this last inequality we deduce that
‖u‖ ≤M + λ‖σ(b)‖ ≤M + λM =M(1 + λ)
≤M
(
1 +
m+ 2δ
m− 2δ
)
.
This implies that (u, λ, σ) belongs to the compact set
K × I ×O(n) ⊂ Rn × (0,∞)×O(n)
where K :=
{
x ∈ Rn | ‖x‖ ≤M
(
1 + m+2δ
m−2δ
)}
. Finally, if we identify every
g ∈ Γ with its corresponding triplet (u, λ, σ) we conclude that Γ ⊂ K × I ×
O(n) and therefore Γ is compact, as desired. 
Theorem 4.6. The pair (Kn
i+
,Rn) has the S(n)-finite extension property.
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Proof. By Lemma 4.5 S(n) is a Lie group acting properly on Kn
i+
. On the
other hand, the set CS(n)(K
n
i+
,Rn) is nonempty (it contains, for instance, the
Chebyshev point) and Rn is S(n)-equiconnected. Then, we can use Corol-
lary 3.3 to conclude that (Kn
i+
,Rn) has the S(n)-finite extension property,
as desired. 
Remark 4.7. The case i = n of Theorem 4.6 can be found in [16].
Theorem 4.8. For every 1 ≤ i ≤ n and 0 ≤ m ≤ n, the pair (Kn
i+
,Kn
m+
)
has the S(n)-finite extension property.
Proof. By the Remark 2.8, the spaceKn
m+
is Aff(n)-equiconnected and there-
fore it is S(n)-equiconnected. Furthermore, the map Kn
i+
→ Kn
m+
assigning
to each compact convex set its circumball is well-defined, continuous, and
S(n)-equivariant (see, e.g. [21]). Thus, CS(n)(K
n
i+
,Kn
m+
) is non empty for
every 1 ≤ i ≤ n and 0 ≤ j ≤ n. Finally we can use Corollary 3.3 and
Lemma 4.5 to conclude that (Kn
i+
,Kn
m+
) has the S(n)-finite extension prop-
erty. 
For the last theorem we denote by Knw the subspace of K
n
0 consisting of all
convex bodies of constant width. Recall that an element A ∈ Kn0 is said to
be of constant width if the distance between any two of its parallel support
hyperplanes is constant. Equivalently, a convex body A ∈ Kn0 has constant
width if and only if there exists d > 0 such that
A+ (−A) = dBn = {x ∈ Rn | ‖x‖ ≤ d}.
From this we can easily deduce that gA ∈ Knw for every A ∈ K
n
w and g ∈ S(n).
Thus, Knw is a S(n)-invariant subspace of K
n
0 . For more information about
bodies of constant width we refer the reader to [18] and [25, Chapter 7, §6].
Theorem 4.9. For every i ≥ 1, the pair (Kn
i+
,Knw) has the S(n)-finite ex-
tension property.
Proof. For any two elements A,B ∈ Knw and every t ∈ [0, 1], the set tA+(1−
t)B belongs to Knw (see, e.g. [7, p.350]). Thus, K
n
w is S(n)-equiconnected.
Since Kn
i+
is a S(n)-proper space (Lemma 4.5), it only rest to prove that
CS(n)(K
n
i+
,Knw) is nonempty. However this follows from the fact that every
closed ball of positive radius belongs to Knw. Therefore the map assigning to
each A ∈ Kn
i+
its circumball belongs to CS(n)(K
n
i+
,Knw). 
5. Final remarks and questions
Let G be a topological group and X a G-space. The G-finite extension
property is related to the property of being an equivariant absolute extensor.
We recall that a G-space Y is called an equivariant absolute neighborhood
extensor for X (denoted by Y ∈ G-ANE(X)) if, for any closed invariant
subset A ⊂ X and any equivariant map f : A→ Y , there exists an invariant
neighborhood U of A in X and an equivariant map F : U → Y such that
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F |A = f . If we can always take U = X, then we say that Y is a G-
equivariant absolute extensor for X (denoted by Y ∈ G-AE(X)). If Y is a
G-ANE(X) (Y ∈ G-AE(X)) for every metric G-space X, then we simply say
that Y is a G-absolute neighborhood extensor (G-absolute extensor) and we
denote it by Y ∈ G-ANE (Y ∈ G-ANE). We refer the reader to [3] for more
information about equivariant absolute extensors. The reader may compare
this definition with the (non equivariant) definition of an absolute extensor
(see e.g. [24, Chapter 6]).
Our interest in G-AE’s arises from the fact that the G-finite extension
property is a weaker property than the G-absolute extensor property.
Remark 5.1. If X is a cartan G-space and Y ∈ G-AE(X) then the pair
(X,Y ) has the G-finite extensor property. Indeed, let {x1, . . . , xn} ⊂ X
and {y1, . . . , yn} ⊂ Y be two finite sets satisfying Gxi ≤ Gyi for every
i ∈ {1, . . . , n}. Since every orbit G(xi) is closed in X, the set A :=
n⋃
i=1
G(xi)
is an invariant closed subset of X. If G(xi) ∩ G(xj) = ∅ (for i 6= j), then
the map f : A→ Y defined by f(gxi) = gyi is well-defined, continuous and
equivariant. Therefore, the definition of a G-equivariant absolute extensor
guarantees the existence of a continuous and G-equivariant map F : X → Y
such that F |A = f . In particular F (xi) = yi, as desired.
After Remark 5.1 it is natural to ask under which conditions the converse
implication would be true. In particular, since the pair (Kn0 ,R
n) has the
Aff(n)-finite extension property, it is natural to ask the following
Question 5.2. Does Rn ∈ Aff(n)-AE(Kn0 )?
We notice that if G is a compact group acting linearly on a locally convex
linear space L, then every complete convex invariant subset V ⊂ L is a G-
absolute extensor (see [1, Theorem 2]). This result is an equivariant version
of the well-known Dugundji extension theorem. Some other equivaraint
extension theorems for compact Lie groups can be found in [2, 4].
However, if G is a non compact group, the problem of determining if a G-
space X is a G-AE is not an easy task and the results found in the literature
(see e.g. [5, Theorem 4.1]) do not provide a large class of examples of G-
equivariant absolute extensors. In particular, the following simple question
is unknown.
Question 5.3. Is Kn0 an Aff(n)-absolute (neighborhood) extensor?
For the last questions, we define for every i ∈ {0, . . . , n} the family Kn(i)
of all i-dimensional compact convex sets of Rn. Namely,
Kn(i) := Kni− ∩ K
n
i+ .
Observe that Kn(0) = Rn and Kn(n) = Kn0 . Thus, when i ∈ {0, n} we
have that the pair (Kn0 ,K
n(i)) has the Aff(n)-finite extension property ([20,
Corollary 4.1] and Theorem 4.4). However, if i /∈ {0, n}, the Minkowski
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sum is not an Aff(n)-connecting map on Kn(i). This suggests the following
natural questions:
Question 5.4. Is there an i ∈ {1, . . . , n− 1} such that the pair (Kn0 ,K
n(i))
has the Aff(n)-finite extension property? Or the G-finite extension property
for a certain closed subgroup G ≤ Aff(n)?
Question 5.5. For which i, j ∈ {0, . . . , n} and G ≤ Aff(n), does the pair
(Kn
j+
,Kn(i)) have the G-finite extension property?
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